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The design and implementation of the f-wave approximate Riemann solver for time-
dependent, three-dimensional meso- and micro-scale atmospheric flows is described in 
detail.  The resulting finite volume scheme is conservative and has the ability to resolve 
regions of steep gradients accurately.  Positivity of scalars is also guaranteed by applying the 
total variation diminishing (TVD) condition appropriately.  The Riemann solver employs 
flux-based wave decomposition (f-waves) for the calculation of Godunov fluxes and does not 
require the explicit definition of the Roe matrix to enforce conservation.  This is an 
important property in the context of atmospheric flows since the Roe matrix for hyperbolic 
conservation laws governing atmospheric flows cannot be constructed.  The other important 
feature of the Riemann solver is its ability to incorporate source term due to gravity without 
introducing discretization errors.  Again, in the context of atmospheric flows this is an 
important advantage.  In addition, the scheme requires no explicit filtering or grid 
staggering for stability.  To the best of author’s knowledge, this is the first implementation of 
a Godunov-type scheme for meso- and micro-scale atmospheric flows in three dimensions. 

I. Introduction 
pplication of Godunov-type methods (Godunov 1959; van Leer 1979; van Leer 1999) for atmospheric flow 
simulations has mostly been limited to the solution of the scalar transport equations (Lin et al. 1994; Müller 

1992; Pietrzak 1998; Hubbard and Nikiforakis 2003).  Recent research (Ahmad et al. 2007; Ahmad and Lindeman 
2007; Botta et al. 2005; Ahmad et al. 2005; Carpenter et al. 1990) has started to focus on developing Riemann 
solvers, which can be used for the solution of Euler and the Navier-Stokes equations.  Ahmad and Lindeman (2007) 
developed the f-wave Riemann solver for 2D atmospheric flow simulations and compared the scheme with the WRF 
model.  Ahmad et al. (2005) have also implemented a Godunov-type scheme with the Harten-Lax-van Leer-Contact 
(HLLC) approximate Riemann solver for the Euler as well as Navier-Stokes equations on unstructured adaptive 
grids.  Botta et al. (2004) used an approximate Riemann solver for low-Mach number pre-conditioned gas-dynamics 
equation set for simulations of gravity waves forming over mountains.  They also devised a novel technique based 
on the discrete Archimedes’ principle for balancing the source term due to gravity with convective fluxes.  
Carpenter et al. (1990) have applied the method for atmospheric flows using an exact Riemann solver in conjunction 
with the Piecewise Parabolic Method (1984).  Carpenter et al. (1990) show the inherent strengths of Godunov-type 
methods by providing a comparison with the Multidimensional Positive Definite Advection Transport Algorithm 
(Smolarkiewicz 1984) and the Leapfrog scheme.  The important role Godunov-type methods can play in accurately 
resolving atmospheric phenomena characterized by steep gradients (fronts, micro-bursts, drylines, hurricanes, etc.) is 
also pointed out. 

Over the decades, the centered finite difference schemes such as the Leapfrog scheme have been favored for 
discretizing the atmospheric flow equation set.  These types of schemes exhibit large phase and dispersion errors 
(non-physical spurious oscillations), which can contaminate the numerical results (Carpenter et al. 1990).  At 
smaller spatial and temporal scales (e.g., non-hydrostatic meso-scale flows), large gradients of velocities and other 
physical quantities can develop, which, create stability problems for centered schemes.  The Asselin time filter, 
which is often used to make the Leapfrog scheme stable, degrades the accuracy of the scheme in time (Durran 1991; 
Mendez-Nuñez and Carroll 1993).  Furthermore, the scheme can introduce false negatives in important scalar fields 
such as microphysical quantities.  To avoid false negatives either positive definite schemes (Smolarkiewicz 1984; 
Bott 1989) or Flux Corrected Transport (FCT)-type schemes (Boris and Book 1973; Zalesak 1979) are often used to 
advect scalar quantities, while the flow solver uses centered finite differences.  The upwind-biased finite difference 
flow solvers, which have been implemented in atmospheric models, normally do not enforce the TVD condition 
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(Klemp et al. 2000).  The one notable exception is the MPDATA scheme (Smolarkiewicz 1984; Bacon et al. 2000; 
Ahmad et al. 2006), which is sign-preserving in its basic form and can be made TVD by the appropriate use of 
limiters. 

In this study a Godunov-type scheme suggested by LeVeque for hyperbolic conservation laws with spatially-
varying flux functions (LeVeque 2002; Bale et al. 2002) is adapted for three-dimensional, time-dependent 
atmospheric flow problems.  The scheme employs flux-based wave decompositions (f-waves) for the solution of 
Riemann problem and does not require the explicit definition of the Roe matrix (Roe 1981) to enforce conservation.  
This is an important property in the context of atmospheric flows since the Roe matrix for hyperbolic conservation 
laws governing atmospheric flows is not readily available.  The other important feature of the scheme is its ability to 
incorporate source term due to gravity without introducing discretization errors.  Again, in the context of 
atmospheric flows this is an important advantage.  Ahmad and Lindeman (2007) have performed an extensive 
evaluation and comparison of the scheme in two dimensions with the National Centers for Atmospheric Research’s 
state-of-the-art WRF model.  They found that unlike the centered schemes implemented in the WRF model, the 
Godunov-type schemes do not suffer from stability and dispersion problems and in addition are fully conservative.  
In the following sections the development of the Riemann solver for three-dimensional meso- and micro-scale 
atmospheric flows and its implementation within the Conservation Laws Package (CLAWPACK) is described in 
detail.  Benchmark test cases are simulated to evaluate the performance of the scheme. 

II.  Governing Equations 
The basic equations of atmospheric fluid dynamics comprise of a set of PDEs for the conservation of mass, the 

conservation of momentum, the conservation of energy and an equation of state to close the system.  The 3D Navier-
Stokes equations governing atmospheric flows written in the conservative form (Ooyama 1990) are as follows: 
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In the above relations, r  is the density of fluid, u is the velocity component in the x-direction, v is the velocity 
component in the y-direction, w is the velocity component in the z-direction, p is the pressure and q  is the potential 
temperature.  If a parcel of air at temperature T and pressure p is subjected to an adiabatic compression or expansion 
to a final reference base-state pressure (p0 = 105 Pa), then its potential temperature, q  is given by: 
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The system is closed by an equation of state for pressure, 

 ( )grq0Cp =  (4) 

where C0 is a constant given by: 
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In the above relations, g  (= Cp/Cv = 1.4) is the ratio of specific heats, Rd (= 287 J K-1 kg-1) is the gas constant for 
dry air,  p0 is the base state pressure (= 105 Pa).  Cp (= 1004 J K-1 kg-1) and Cv (= 717 J K-1 kg-1) are the specific heats 
of air at constant pressure and volume respectively.  In Eq. (1), Q is the source term and D is the diffusive flux term.  
For the purpose of this study, atmosphere is assumed to be dry and the only source term is the gravitational force 
acting in the vertical direction.  Diffusion processes are also ignored and only the Euler solutions are considered. 

III.  Numerical Scheme 
The Riemann solver presented in this paper has been implemented within the Conservation Laws Package 

(CLAWPACK) software.  CLAWPACK is a general purpose and open-source software developed at the University 
of Washington, Seattle, by LeVeque (2002).  The user has to provide the Riemann solver for the particular 
hyperbolic partial differential equation.  The user also needs to provide the routines for model initialization and the 
addition of source terms, if any.  In general, the software can be used to solve any hyperbolic partial differential 
equation set as long as its complete eigen-structure is known and the user provides the appropriate Riemann solver 
for it.  In this section, a brief description of the base-line methodology implemented in CLAWPACK is given and 
the Riemann solver designed for the atmospheric flow equations is described in detail.  The solution of the Riemann 
problem across each interface of a cell is a one-dimensional problem.  Therefore, the basic algorithm is first 
described in one-dimension.  The Euler equations (1)-(2) in one dimension can be written in the discrete form as: 
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where, U is the vector of conserved quantities, F is the vector of inter-cell fluxes calculated at the control surface of 
each control volume using either an exact or approximate Riemann solver.  Dt and Dx are the time step and mesh 
resolution in x-direction respectively.  In Godunov-type solvers, the jump in U at cell centers is usually decomposed 
as a linear combination of the eigenvectors, p

ir 2/1-  to obtain the waves, p
iW 2/1- : 
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The coefficients, p
i 2/1-a , in Eq. (7) are given by: 
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where, 2/1-iR  is the matrix of right eigenvectors.  The conservation is enforced by the following condition: 

 )()()( 1112/1 ---- -=- iiiiii UFUFUUA , (9) 

where, 2/1-iA  is the Roe-averaged Jacobian (Roe 1981).  Instead of solving the Riemann problem using the 
decomposition in Eq. (7), LeVeque (2002) and Bale et al. (2002) suggest using a flux-based wave decomposition, in 
which the flux differences )()( 11 --- iiii UFUF  are written directly as a linear combination of the right eigenvectors 

p
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The vectors ppp rZ b=  are called f-waves and contain flux increments rather than increments in U.  In the 

presence of a source term, gry = , the algorithm can be extended by first setting the source term values 2/1-iy  at 

the control surfaces and then defining the f-waves p
iZ 2/1-  as follows: 
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The correction for source term due to gravity in Eq. (12)-(13) is applied only at the interior edges/faces.  Eq. (6) 
can now be re-written as: 
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2/1-
- DH iU  and 2/1-

+DH iU  are the fluctuations which contribute to the cell-averaged quantity Ui due to the wave 

propagation across the cell interfaces.  In the above relations, p
is 2/1-  are the wave speeds given by the eigenvalues of 

the hyperbolic equation set.  Higher-order accuracy in space can be achieved by adding a correction term (LeVeque 
2002; LeVeque 2003): 
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and, pZ
~

 is the limited value of pZ .  Bale et al. (2002) have shown the above algorithm to be second-order accurate 
in space and time.  The details on the implementation of wave limiters can be found in LeVeque (2002) and 
LeVeque (2003). 

In recent years there has been a growing interest in developing multi-dimensional Riemann solvers (e.g., see 
Brio et al. 2001).  This research however, is still in its infancy and most Godunov-type codes for multi-dimensional 
problems are based on the solution of the one-dimensional Riemann problem across each cell interface.  It has been 
shown (LeVeque 1996; LeVeque 1997; Langseth and LeVeque 2000) that the multi-dimensional information can be 
included into the solution even though the calculation of the Riemann problem is only one-dimensional.  The 
simplest way to extend the algorithm for multi-dimensional problems is by the dimensional-splitting technique in 
which, individual sweeps are performed in each spatial direction in succession.  In the rest of this section the f-wave 
Riemann solver for atmospheric flow equation set in three-dimensions is described in detail.  The Euler equations 
can be written in a quasi-linear form as: 
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 0)()()( =+++ zyxt UUCUUBUUAU  (19) 

The subscripts t, x, y and z denote the derivatives in time and space.  A(U), B(U) and C(U) are the coefficient 
Jacobian matrices.  The system in Eq. (19) is hyperbolic, if the matrices A(U), B(U), and C(U) can be diagonalized 
and have real eigenvalues.  A(U), e.g., can be written as: 
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where, 
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The elements of the matrix in Eq. (20) can be found after some algebraic manipulations and the matrix A(U) 
simplifies to: 
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where, a is the speed of sound.  The eigenvalues and eigenvectors corresponding to the Jacobian matrix A(U) in Eq. 
(22) are: 
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The matrix of right eigenvectors and its inverse can now be written as: 
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and, 

 

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

-

-

-

-

-

=-

q

q

q

q

q

2
1

00
2
1

2

1000

0100

1
0001

2
1

00
2
1

2

1

aa
u

w

v

aa
u

R . (24b) 

The eigenvalues and eigenvectors corresponding to B(U) and C(U) in Eq. (19) can be found in a similar manner.  
The bi coefficients can now be calculated using Eq. (11) by simply multiplying the inverse of the matrix of right 
eigenvectors with the vector containing the jumps in fluxes: 
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where, the jumps, DFi in the flux functions are given by: 
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The superscript j in Eq. (26) implies the component of the momentum equation (in x-, y- or z-direction) and the 
subscript i denotes the cell number.  The source term due to gravity is added when the Riemann problem is solved 
for the sweep in the z-direction: 
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where, g is the acceleration due to gravity.  The pressure in Eq. (26) is calculated using the equation of state given 
by Eq. (4)-(5).  Once the bi coefficients have been calculated, the f-waves, ppp rZ b=  can be computed as follows: 
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Given the f-waves and the wave speeds (u-a, u, u, u, u+a), the flux differences can be computed by summing up 
the left and right going waves across a cell interface using Eq. (15)-(16).  In the above relations the sweep in x-
direction is implied.  Similar methodology can be used for computations in the y- and z-directions with the addition 
of source term defined by Eq. (27) in the z-direction.  The quantities on cell faces are calculated by taking the 
average of cell-centered quantities on the either side of the face.  No filtering was required for stability and a CFL 
number of 0.8 was used for all simulations. 

IV.  Results 
In this section the three-dimensional implementation of the f-wave Riemann solver is evaluated against different 

benchmark cases.  In the absence of closed form solutions for Eq. (1)-(5), the dynamical cores of atmospheric flow 
models are usually evaluated in qualitative terms (Mendez-Nuñez and Carroll 1994; Kora� in et al. 1996).  A series 
of test cases have been developed over the years, and the results of three of these tests are presented below – the 
propagation of inertia-gravity waves on non-hydrostatic scales and the convection of a warm bubble in neutral and 
stable atmospheres.  A high mesh resolution was used for the convection cases to demonstrate the robustness of the 
solver in handling steep gradients without running into stability problems.  For visualization of cell-centered finite 
volume schemes, it is usually customary to interpolate the data to nodes of the control volumes and then display the 
interpolated node values.  The results presented below, however, show the actual cell-centered data values. 

A. Non-hydrostatic Inertia-Gravity Waves 
The Skamarock-Klemp (1994) test for simulating inertia-gravity waves on the non-hydrostatic scale is described 

in this section.  This two-dimensional test case is widely used for the evaluation of hydrodynamics cores for 
atmospheric flow solver.  This case was simulated using the three-dimensional code.  The domain was bounded 
within [0:300km] x [0:3km] x [0:10km].  Periodic boundary conditions were used in the lateral and the top and 
bottom boundaries were set to solid walls.  The potential temperature in the vertical was initialized by a constant 
Brunt-Väisälä frequency N = 10-2s-1.  The waves were excited by an initial potential temperature perturbation given 
by: 

 
( )

( ) 220
/1

/sin
)0,,(

axx

Hz
zx

c-+
D=

p
qq . (29) 

The amplitude of the initial perturbation, 0qD was set to 10-2K.  The height H of the domain was 10km, the 
perturbation half width was a = 5km.  The perturbation was initialized at xc = xmax/3, where, xmax is the width of the 
domain (300km).  A uniform u-velocity of 20m/s was imposed in the domain and the v- and w-velocity were set to 
zero.  The model was run for time = 3000s.  The potential temperature perturbation field and the w-velocity for the 
Godunov-type scheme, after 3000s into the simulation are shown in Figure 1.  The mesh resolution in this 
simulation was set to 1km in the horizontal and 100m in the vertical.  Please note that the simulation results are 
slightly different than the analytical solution given in Skamarock and Klemp (1994).  This is because the analytical 
solution in Skamarock and Klemp (1994) assumes a Boussinesq atmosphere and the computed results presented here 
are obtained from a fully compressible flow model.  However, the results compare well with the solutions from the 
WRF model (Ahmad and Lindeman 2007), which, also computes the fully compressible equation set given by Eq. 
(1)-(5).  As expected, the v-velocity at the end of the simulation was zero over the whole domain. 
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Figure 1. Potential temperature perturbation (K) field after 3000s into the simulation (top) and w-velocity 
(m/s) field after 3000s into the simulation (bottom).  The domain bounds in the x-direction are [0:300km], 
[0:3km] in the y-direction, and [0:10km] in the z-direction.  DDDDx = DDDDy = 1km and DDDDz = 100m. 

B. Convection in Neutral Atmosphere 
The convection in neutral atmosphere is a popular test case for validating numerical schemes for atmospheric 

flow simulations (e.g., Ahmad et al. 2005; Kora� in et al. 1998; Carpenter et al. 1990).  The domain for this case was 
bounded within [0:3200m] x [0:3200m] x [0:4000m].  The mesh resolution was set to 40m.  Farfield/outflow 
boundary conditions were used in the lateral and the top and bottom boundaries were set as solid walls.  The domain 
was initialized for a neutral atmosphere at qi = 300 K in hydrostatic balance.  The initial u-velocity, v-velocity, and 
the w-velocity were set to zero.  A potential temperature perturbation in the form of a linear function was initialized 
at xb = xmax/2, yb = ymax/2 and zb = 500m: 

 RLif
R
L

yx i £�
�

	


�

�
-D+= 0.1),( qqq , (30) 

where, 

 222 )()()( bbb zzyyxxL -+-+-= . (31) 

The potential temperature perturbation maximum Dq, had a value of 2K.  The radius R, of the perturbation was 
set to 500m.  The model was run for time = 480s.  The monotonized-centered (MC) limiter was used to enforce the 
TVD condition.  The simulation results after time = 480s are shown in Figure 2.  The potential temperature 
perturbation (K) along x-axis at y=ymax/2 is shown in the top left panel and along y-axis at x=xmax/2 in the top right 
panel.  Vertical velocity (m/s) along x-axis at y=ymax/2 is shown in the bottom left panel and along y-axis at x=xmax/2 
in the bottom right panel.  It can be seen that the symmetry of the solution is well preserved. 
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The introduction of the thermal in the domain generates large acceleration in the center of the bubble 
accompanied by downdrafts on the either side of the bubble.  Since, the temperature distribution inside the bubble is 
linear (highest temperature at the center) the center of the bubble rises faster.  This creates sharp gradients of 
temperature in the upper part of the bubble (Kora� in et al. 1998).  The results can be compared with solutions 
presented in, e.g., Drikakis and Rider (2005).  Note that the solutions in Figure 2 are devoid of any spurious 
oscillations, which are usually associated with the centered finite difference schemes.  Figure 3 shows the time 
histories of the domain maximum and minimum horizontal velocities for the neutral atmosphere case and for the 
stable atmosphere case.  Graphics in Appendices A-B show the development of flow in detail. 

 

  
 
 
 

  
 

Figure 2. Convection in Neutral Atmosphere.  Theta perturbation (K) along x-axis at y=ymax/2 – in the x-z 
plane (top left) and along y-axis at x=xmax/2 – in the y-z plane (top right).  w-velocity (m/s) along x-axis at 
y=ymax/2 – in the x-z plane (bottom left) and along y-axis at x=xmax/2 – in the y-z plane (bottom right).  The 
domain bounds in x- and y-directions are [0:3200m] and [0:4000m] in the z-direction.  DDDDx = DDDDy = DDDDz = 40m. 
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C. Convection in Stable Atmosphere 
The convection in stable atmosphere is described in this section.  The domain for this case was bounded within 

[0:3200m] x [0:3200m] x [0:4000m].  The mesh resolution was set to 40m.  Farfield/outflow boundary conditions 
were used in the lateral and the top and bottom boundaries were set as solid walls.  The domain was initialized for a 
stable atmosphere with a constant Brunt-Väisälä frequency N = 10-2s-1.  The initial u-velocity, v-velocity, and w-
velocity were set to zero.  A potential temperature perturbation in the form of a linear function was initialized at xb = 
xmax/2, yb = ymax/2 and zb = 500m and using Eq. (30)-(31).  The potential temperature perturbation maximum Dq, had 
a value of 2K.  The radius R, of the perturbation was set to 500m.  The model was run for time = 480s.  The 
monotonized-centered (MC) limiter was used to enforce the TVD condition.  The simulation results for the potential 
temperature perturbation and the vertical velocity at time = 480s are shown in Figure 4. 

As the warm bubble rises through the stable atmosphere it cools off due to the lower pressure at higher levels.  
The cooling of air parcels due to expansion, results in downdrafts at the center of the bubble.  This is one of the 
mechanisms for the formation of thunderstorms and is nicely simulated by the model.  Graphics in Appendices C-D 
show the development of flow in detail.  The figures show that the gravity waves emanating from the sides of the 
updrafts cause no reflection problems at the outflow boundaries (the complete computational domain is shown for 
all simulation results).  Again, it can be seen that the symmetry of the solution is well preserved.  Figure 5 shows the 
horizontal velocities for the neutral and stable atmosphere cases.  The development of a strong vortex in the neutral 
case and the formation of gravity waves in the stable case can be seen in the figure.  The vertical velocity 
acceleration and the thermal energy dissipation rates for the two cases can be seen in the time histories plotted in 
Figure 6. 

A set of simulations was conducted for the stable atmosphere case with varying amplitude of the initial potential 
temperature perturbation (1K-8K) and varying stability (N and 2N).  The baseline simulation was with the 
perturbation of 2K and a constant Brunt-Väisälä frequency, N = 10-2s-1.  The time history of domain-averaged total 

kinetic energy (




 ++

Vol

wvuVol )(5.0 222r
, where Vol is the cell volume and r  is the air density) for these 

simulations is plotted in Figure 7.  Figure 7 (left) shows the variation in amplitude of domain-averaged kinetic 
energy with the amplitude of the initial perturbation.  It can be seen that the period of oscillations is almost identical 
for all cases.  Figure 7 (right) shows the variation in the period of oscillations as the Brunt-Väisälä frequency is 
changed. 

 

  
 
Figure 3. Time history of the domain maximum and minimum u- and v-velocity (m/s) for the neutral 
atmosphere (left) and for the stable atmosphere (right).  The data points are plotted at an interval of 100.  
Initial maximum potential temperature perturbation at the center of the bubble = 2K for neutral case and 
slightly less than 2K for the stable case. 
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Figure 4. Convection in Stable Atmosphere.  The potential temperature perturbation (K) along x-axis at 
y=ymax/2 – in the x-z plane (top left) and along y-axis at x=xmax/2 – in the y-z plane (top right).  Vertical velocity 
(m/s) along x-axis at y=ymax/2 – in the x-z plane (bottom left) and along y-axis at x=xmax/2 – in the y-z plane 
(bottom right).  The domain bounds in x- and y-directions are [0:3200m] and [0:4000m] in the z-direction.  DDDDx 
= DDDDy = DDDDz = 40m.  Simulation time = 480s.  Note that the symmetry of the thermal is well preserved.  Initial 
maximum potential temperature perturbation at the center of the bubble = 2K for neutral case but slightly 
less than 2K for the stable case. 
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Figure 5. u-velocity (m/s) along x-axis at y=ymax/2 (top left panel) and v-velocity (m/s) along x-axis at y=ymax/2 
(top right panel) for convection in a neutral atmosphere.  u-velocity (m/s) along x-axis at y=ymax/2 (bottom left 
panel), v-velocity (m/s) along x-axis at y=ymax/2 (bottom right panel) for convection in a stable atmosphere at 
480s into the simulation.  The domain bounds in x- and y-directions are [0:3200m] and [0:4000m] in the z-
direction.  DDDDx = DDDDy = DDDDz = 40m.  All cut-planes are in the x-z plane.  The development of a strong vortex for 
the neutral case and the formation of gravity waves for the stable case can be seen in the figure.  Initial 
maximum potential temperature perturbation at the center of the bubble = 2K for neutral case and slightly 
less than 2K for the stable case. 
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Figure 6. Time history of the domain maximum and minimum w-velocity (m/s) for the neutral and stable 
atmospheres (left) and the time history of the domain maximum theta perturbation (K) (right).  The data 
points are plotted at an interval of 100.  Please note that the initial thermal maximum for the stable case was 
slightly less than 2K. 
 
 
 
 

  
 
 
Figure 7. Time history of the domain averaged kinetic energy for the stable atmosphere for different 
amplitudes of maximum initial potential temperature perturbation (1K – 8K) at the center of the bubble is 
shown in the left panel (tmax = 480s).  Note that the period is almost identical for all simulations.  Time history 
of the domain averaged kinetic energy for the stable atmosphere for two different stability profiles (N and 2N, 
where N = 0.01s-1 is the Brunt-Väisälä frequency) is given in the right panel.  The maximum initial theta 
perturbation at the center of the bubble for this set of runs was 4K and the simulations were run for 600s. 
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V. Discussion and Conclusions 
Benchmark problems for the non-hydrostatic atmosphere were simulated for the validation of the scheme with 

encouraging results.  The non-hydrostatic inertia gravity wave case results are in good agreement with previously 
reported solutions in the literature (e.g., Ahmad and Lindeman 2007).  The convection in neutral atmosphere case 
results are devoid of any spurious oscillations, which are typical of centered finite difference schemes and again 
compare well with previously reported results (e.g., Drikakis and Rider 2005).  The convection in stable atmosphere 
case is another interesting, although not as widely reported benchmark (Mendez-Nuñez and Carroll 1994).  Some 
authors have attempted a quantitative analysis of this test case by calculating the time period of the oscillations from 
the time history of the domain-averaged total kinetic energy of the system and comparing that to the time period 
obtained from the Brunt-Väisälä frequency.  This comparison of course leads to poor results.  The time period of 
oscillations would relate to the Brunt-Väisälä frequency only in the absence of a viscous force and a good analogy 
for that would be an ideal mass-spring system shown in Figure 8.  Usually the damped behavior of the oscillations 
(Figure 7) is attributed to numerical viscosity (Mendez-Nuñez and Carroll 1994).  It is however, reasonable to 
assume that the dissipation due to entrainment (Figures C1-D1) would be a considerably larger factor in the 
dissipation of kinetic energy, resulting in the exponentially decaying sinusoidal function. 

Consider the idealized dynamical systems shown in Figure 8.  The solutions of differential equations describing 
the motion of an ideal mass-spring system and an ideal mass-spring-damper system are given by: 

 )cos()cos( 0 fvfv a +=+= -
--- tAexandtAx d

t
damperspringmassspringmass  (32) 

where, x is the displacement, t is time, mk /0 =v  is the characteristic or natural angular frequency of the mass-

spring system and 22
0 avv -=d  is the characteristic or natural frequency of the mass-spring-damper system.  A 

and f  are based on the initial displacement and velocity of the system.  a = R/2m is a decay constant, m is the mass, 
R is the viscosity or resistance to motion, and k is the Hooke’s constant.  The equations for the total kinetic energy of 
the two systems will also show behavior (sinusoidal and exponentially-decaying sinusoidal) similar to Eq. (32).  A 
good analogy for the convection in stable atmosphere would be a mass-spring-damper system.  In this case, however 
it is not that straightforward to relate the actual period of the oscillations in the domain-averaged total kinetic energy 
(Figure 7) with the Brunt-Väisälä frequency and would require quantification of dissipation due to 
mixing/entrainment of fluid by the thermal. 

 
 

       
 

Figure 8. An ideal mass-spring system (left) and an ideal mass-spring-damper system (right) are shown.  
Diagrams taken from:  http://ccrma.stanford.edu/courses/150-2001/vibrating_systems.html. 

 
 
In summary, a high-resolution Godunov-type scheme using the f-wave approximate Riemann solver after 

LeVeque was designed and successfully implemented for simulating atmospheric flow problems in three 
dimensions.  Godunov-type high-resolution methods offer an attractive and viable alternative for simulating 
atmospheric flows on the meso-, micro-, and urban-scales, which are characterized by steep gradients (fronts, micro-
bursts, tornadoes, hurricanes, accidental or intentional release of hazardous materials in an urban area, etc.).  These 
finite volume discretizations are conservative and have the ability to resolve regions of steep gradients accurately, 
thus avoiding dispersion errors in the solution.  The positivity of scalars is also achieved by the appropriate use of 
limiters.  The scheme requires no explicit filtering or grid staggering for stability and no diffusion was added for the 
simulations presented in this paper.  Currently the main research focus is to include terrain in the model. 
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Appendix A – Convection in Neutral Atmosphere – Theta Perturbation 
 

     
40s – [-0.002:1.91]  80s – [-0.005:1.87]  120s – [- 0.007:1.84] 

     
160s – [-0.006:1.81] 200s – [-0.007:1.75] 240s – [- 0.006:1.61] 

     
280s – [-0.005:1.43] 320s – [-0.004:1.26] 360s – [- 0.004:1.12] 

     
400s – [-0.004:0.98] 440s – [-0.003:0.86] 480s – [- 0.003:0.83] 

 
Figure A1. Potential temperature perturbation (K) fields along x-axis at y=ymax/2 plotted at an interval of 
40s from time = 40s to 480s into the simulation.  The field at each time interval is scaled by the maximum and 
minimum value at that time interval.  The initial maximum theta perturbation for this case was 2K. 
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Appendix B – Convection in Neutral Atmosphere – Vertical Velocity 
 

     
40s – [-0.21:1.54]  80s – [-0.38:3.03]  120s – [-0. 54:4.44] 

     
160s – [-0.70:5.66]  200s – [-0.85:6.56]  240s – [- 0.98:7.17] 

     
280s – [-1.08:7.70]  320s – [-1.29:8.30]  360s – [- 1.57:9.00] 

     
400s – [-1.87:9.85]  440s – [-2.11:10.8]  480s – [- 2.21:11.6] 

 
Figure B1. w-velocity (m/s) fields along x-axis at y=ymax/2 plotted at an interval of 40s from time = 40s to 
480s into the simulation.  The field at each time interval is scaled by the maximum and minimum value at 
that time interval.  The initial maximum theta perturbation for this case was 2K. 
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Appendix C – Convection in Stable Atmosphere – Theta Perturbation 
 

     
40s – [-0.02:1.79]  80s – [-0.09:1.52]  120s – [-0. 20:1.12] 

     
160s – [-0.33:0.64]  200s – [-0.49:0.18]  240s – [- 0.61:0.19] 

     
280s – [-0.93:0.20]  320s – [-1.11:0.18]  360s – [- 1.16:0.16] 

     
400s – [-1.07:0.12]  440s – [-0.87:0.07]  480s – [- 0.59:0.21] 

 
Figure C1. Potential temperature perturbation (K) fields along x-axis at y=ymax/2 plotted at an interval of 
40s from time = 40s to 480s into the simulation.  The field at each time interval is scaled by the maximum and 
minimum value at that time interval.  The initial maximum theta perturbation for this case was 1.89K. 



 

 
American Institute of Aeronautics and Astronautics 

 

18 

Appendix D – Convection in Stable Atmosphere – Vertical Velocity 
 

     
40s – [-0.19:1.48]  80s – [-0.33:2.74]  120s – [-0. 41:3.63] 

     
160s – [-0.43:3.98]  200s – [-0.43:3.77]  240s – [- 0.41:3.09] 

     
280s – [-0.41:2.14]  320s – [-0.40:1.27]  360s – [- 0.68:0.72] 

     
400s – [-1.57:0.50]  440s – [-2.40:0.53]  480s – [- 2.96:0.54] 

 
Figure D1. w-velocity (m/s) fields along x-axis at y=ymax/2 plotted at an interval of 40s from time = 40s to 
480s into the simulation.  The field at each time interval is scaled by the maximum and minimum value at 
that time interval.  The initial maximum theta perturbation for this case was 1.89K. 
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