Estimation of a Definite Integral

Monte Carlo inference, as for statistical inference
generally, can be formulated as estimation of either
a definite integral

0= [, f(z)dz

or, given the integral 8, of a domain D, or of a
function f that satisfies certain optimality
conditions.

If the integral can be evaluated in closed form, there
is no need for Monte Carlo methods.



Function Decomposition

If the function f is decomposed to have a factor
that is a probability density function, say

f(z) = g(x)p(z),
where
Jpp(x)de =1
and p(z) > 0, then the integral 6 is the expectation

of the function g of the random variable with
probability density p; that is,

0 =E(9(X)) = [p 9(x)p(x)dz.

With a random sample x4, ..., x,, from the

distribution with probability density p, an estimate
of 0 is
g — > g(;) .
m




Monte Carlo Estimation

We use this technique in many settings in statistics.
There are three steps:

1. decompose the function of interest to include a
probability density function as a factor;

2. identify an expected value;

3. use a sample (simulated or otherwise) to
estimate the expected value.



Random Numbers

Where can you get “random numbers”?

Start with any integer xy (a “random” one) and
then let
r; = axr;—1 mod m,
with
0<zx, <m-—1.
Then take

If o and m are properly chosen, the u;’s will “look
like” they are randomly and uniformly distributed
between 0 and 1.

Congruential generator.



Note that the congruential method is

1. deterministic (hence, at best “pseudo-random™)
and

2. cyclic (will repeat after at most m — 1
iterations).

The length of the cycle is called the period.

There are many ways of testing generators for good
distributional properties, but, unfortunately, bad
generators often pass tests.

For any deterministic generator, a test could be
constructed that it would fail.



Other Examples of
Uses of Random Numbers

e Provide a random deal of 4 bridge hands from a
standard deck.

e Provide a simple random sample of size 100
from a file of size 10,000.

The sample sizes are ~ 10%® and ~ 10%*3.

Commonly used generators will yield about
~ 2 x 10Y different ‘random numbers’.



Feedback Shift Register Methods

Feedback shift register methods and generalized
feedback shift register (GFSR) methods are based

On a sequence
ap = (Cpap—p + Cp—1ak—py1 + - - + crax—1) mod 2.

Successive p-tuples (or in a ‘generalized’ form,
[-tuples formed from subsequences) are taken as the
binary representation of the random numbers.

In a particular case of interest, p = 521, with
cs91 = c30 = 1 and all other cs equal to zero. The
period is 2°%%.



Other Uniform Generators

There are several other types of uniform generators.

e Lagged Fibonacci:
r; = (xi—j + xi_) mod m.

Requires an initial sequence, rather than just a
single seed. If 7, k, and m are chosen properly,
the lagged Fibonacci generator can perform well.
If m is a prime and k > 7, the period can be as
large as m* — 1.

i = 24
k = 55
:232

Period of about 10%°



Combining (Generators

The fractional part of the sum of independent

random variables one of which is U(0, 1) is also a
U(0,1) random variable.

For any independent Y7 and Y3 over [0, 1], and W = Y] + Y5,

plw) = 12% falw — y1) fi(y1)dyr.
So we can show X = (Y] + Y3) mod 1 has density

plx) = [ fale — 1) filyr)dy + /331 fo(L+x — 1) fi(yr)dy

More generally, if X; are independently distributed
with PDF’s p;, and |p;(x) — 1| < €; over [0, 1], then
for the PDF of the sum, p,

p(z) — 1] < IIe;
over |0, 1].

This allows a simple method of combining
generators.



Another Approach: Quasirandom Numbers

A Halton sequence is formed by reversing the digits
in the representation of some sequence of integers in
a given base.

Although this can be done somewhat arbitrarily, a
straightforward way of forming a d-dimensional
Halton sequence 1, x9, ..., where

x; = (L1, Tio, - - -, Tiq) 18 first to choose d bases,

b1, ba, ..., by, perhaps the first d primes. The ;%
base will be used to form the j* component of each
vector in the sequence. Then begin with some
integer m and

1. choosing t,,; suitably large, represent m in each

base:
tmj I ‘
m= 3 anb;, j=1,...d,
k=0
2. form
b f—tyi—1
xij:kz—:oamkbj " , ]Zl,d,

3. set m = m + 1 and repeat.



More on Halton Sequences

Suppose, for example, d = 3, m = 15, and we use
the bases 2, 3, and 5. We form 15 = 11115,

15 = 1203, and 15 = 305, and deliver the first x as
(0.11115, 0.0213, 0.035), or

(0.937500, 0.259259, 0.120000).

The Halton sequences are acceptably uniform for
lower dimensions, up to about 10. For higher
dimensions, however, the quality of the Halton
sequences degrades rapidly because the
two-dimensional planes occur in cycles with
decreasing periods. Generalized Halton sequences
have been proposed and studied. The basic idea is
to permute the a,,;’s in step 2.

In a “leaped Halton sequence” the cycles of the
Halton sequence are destroyed by using only every

[™® Halton number, where [ is a prime different from
all of the bases by, by, ..., b,.



Generation of Non-Uniform
Random Numbers

The inverse CDF method.
U= Px(X)
X = P;'(U)
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For discrete distributions,
U= Px(X)
X =max{z|U < Px(x)}

1.0
0.8
P(x)
0.6
u
0.41 e
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Generation of Non-Uniform
Random Numbers

The acceptance/rejection method.

Suppose we wish to generate a random variate from
a distribution that has a probability density p(-)
and suppose that we already can generate random
variates from a distribution that has a probability
density g(-) (it might be the uniform distribution,
for example).

Further, suppose that h(x) = cg(x) is such that
h(z) > p(z).

1. Generate a variate y from the distribution
having pdf g.

2. Generate independently a variate u from the
uniform (0,1) distribution.

3. If u < p(y)/h(y), then accept y as the variate,
otherwise, reject y and return to step 1.

See Figure 2.1.
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Why It Works

Let Z be the random variable delivered. For any z,
because Y (from the density g) and U are
independent, we have

p(Y)
cg(Y)
1% o o)/ et g(t)dsdt
[ o)/ et g(t)dsdt
= [ p(t)dt,
the distribution function corresponding to p.
Differentiating this quantity with respect to x yields
p(x).

Pr(Z <z) =Pr|Y <z|U<




The acceptance/rejection method can be visualized
as choosing a subsequence from a sequence of
independently and identically distributed (i.i.d.)
realizations from the distribution with density gy in
such a way the subsequence has density px.

Lid. from gy | ¥i Yit1 Yit2 Yirs o Yitk
accept? |nO yes 1O  yes --- yes
1.1.d. from Px iy Ljt1 - L4l -

Obviously, the closer cg(x) is to p(x), the faster the
acceptance/rejection algorithm will be, if we ignore
the time required to generate y from the
dominating density g. A good majorizing function
would be such that the [ is almost as large as k.

Often, g is chosen to be a very simple density, such
as a uniform or a triangular density. When the
dominating density is uniform, the
acceptance/rejection method is similar to the
“hit-or-miss” method.



Variations of Acceptance/Rejection

There are many variations of the basic
acceptance/rejection.

One is called transformed rejection In the
transformed acceptance/rejection method, the steps
of the algorithm are combined and rearranged
slightly. Let G be the CDF corresponding to the
dominating density ¢g. Let H(x) = G~(z), and let
h(z)=d H(x)/dzx. If v is a uniform (0,1) deviate,
step 1 in the original method is equivalent to

y = H(v), so we have the following.

1. Generate u and v independently from a uniform
(0,1) distribution.

2. If u < p(H(v))h(v)/c, then
2.a. take H(v) as the desired realization;
otherwise
2.b. return to step 1. -



Acceptance/Rejection for Discrete
Distributions

There are various ways that acceptance/rejection
can be used for discrete distributions. One
advantage of these methods is that they can be
ecasily adapted to changes in the distribution.

Consider the discrete random variable X, such that

PI”(XS = 330 — Psi
A g

- Ci=1,... k.
a31+a52‘|'"°ask

(If Zle ag; = 1, the numerator ag; is the ordinary
probability ps; at the mass point ¢.) Suppose that
there exists an a; such that a; < ag; for
s=1,2,...,and b > 0 such that =¥ | a,; > b for
s=1,2,.... Let

a* = max{a; },
and let
Py =ag/a® fori=1,... k.



Acceptance/Rejection for Discrete
Distributions

1. Generate u from a uniform (0,1) distribution
and let i = [ku].

2. Let r =1 — ku.

3. If r < Py, then
3.a. take 7 as the desired realization;
otherwise
3.b. return to step 1. I

Suppose for the random variable X1, pst+1 7 Psi
for some 7. (Of course, if this is the case for mass
point 7, it is also necessarily the case for some other
mass point.) For each mass point whose probability
changes, reset Py, to as41,/a* and continue.



Acceptance/Rejection for
Multivariate Distributions

The acceptance/rejection method is one of the most
widely applicable methods for random number
generation. It is used in many different forms, often
in combination with other methods.

[t is clear from the description of the algorithm that
the acceptance/rejection method applies equally to
multivariate distributions. (The uniform random
number is still univariate, of course.)



Dependent Random Variables

The methods described before use a sequence of
i.i.d. variates from the majorizing density. It is also
possible to use a sequence from a conditional
majorizing density. A method using a
nonindependent sequence is called a Metropolis
method, and there are variations of these, with their
OWN names.

Suppose for a collection of random variables

X1, Xo, ..., X}, we know the conditional
distributions of X;|.X;(¢ # 7). Can we simulate the
collection?

Alternatively, suppose we know the functional form
(up to the normalizing constant) of the joint density
of X, Xos,..., X}, and that we know the
distribution of at least one X;|X;(i # 7). Can we
simulate the collection?



Markov Chain Monte Carlo

If the density of interest, p, is the density of the
stationary distribution of a Markov chain,
correlated samples from the distribution can be
generated by simulating the Markov chain.

This appears harder than it is.

An aperiodic, irreducible, positive recurrent Markov
chain is associated with a stationary distribution
or tnvariant distribution, which is the limiting
distribution of the chain.



Convergence?

An algorithm based on a stationary distribution of
a Markov chain is an ¢terative method because a
sequence of operations must be performed until
they conwverge.

Several schemes for assessing convergence have been
proposed. Gelman and Rubin (1992), for example,
suggest multiple starting points and then an
ANOVA-type test comparing variances within and
across the multiple streams.

A Markov chain is the basis for several schemes for
generating random numbers. The interest is not in
the sequence of the Markov chain itself. The
elements of the chain are accepted or rejected in
such a way as to form a different chain whose
stationary distribution is the distribution of interest.



The Metropolis Algorithm

For a distribution with density p, the Metropolis
algorithm, introduced by Metropolis et al. (1953)
generates a random walk and performs an
acceptance/rejection based on p evaluated at
successive steps in the walk.

In the simplest version, the walk moves from the
point y; to a candidate point y;.1 = y; + s, where s
is a realization from U(—a, a), and accepts ;11 if

P(Yiv1)
p(yz')

where u is an independent realization from U (0, 1).

> U,

This method is also called the “heat bath” method
because of the context in which it was introduced.
The random walk of Metropolis et al. is the basic
algorithm of simulated annealing, which is
currently widely used in optimization problems.



A histogram is not affected by the sequence of the
output in a large sample.

The von Mises distribution is an easy one to
simulate by the Metropolis algorithm. This
distribution is often used by physicists in
simulations of lattice gauge and spin models, and
the Metropolis method is widely used in these
simulations.

Notice the simplicity of the algorithm: we did not
need to determine a majorizing density, nor even
evaluate the Bessel function that is the normalizing
constant for the von Mises density:.



random walk | y; v,11 = Yir3 = Yiv2 =

accept? no yes no yes
i.i.d. from px T Xjy1

Yi + Sit+1 Yi+1 T Si42 Yiy2 T Sit3 -

The Markov chain samplers require a “burn-in”
period, that is, a number of iterations before the
stationary distribution is achieved. In practice, the
variates generated during the burn-in period are
discarded. The number of iterations needed varies
with the distribution, and can be quite large,
sometimes several hundred. The von Mises example
is unusual; no burn-in is required. In general,
convergence is much quicker for univariate
distributions with finite ranges such as this one.

[t is important to remember what convergence
means; it does not mean that the sequence is
independent from the point of convergence forward.
The deviates are still from a Markov chain.



The Metropolis-Hastings
Algorithm

The Metropolis-Hastings algorithm uses a more
general chain for the acceptance/rejection step.

To generate deviates from a distribution with
density px it uses deviates from a Markov chain
with density gy, v, The conditional density gy, v
is chosen so that it is easy to generate deviates from
it.



Metropolis-Hastings

CSet k= 0.

. Choose z*) in the range of px. (The choice can
be arbitrary.)

. Generate y from the density gy, (y|lz¥).
. oet

th+1|Yt(x(k) ‘y>
px (™) gy, v (ylz ™)

r=px(y)

Ifr > 1, then
4.a. set pF+1)
otherwise
4.b. generate u from uniform(0,1) and
if u < r, then
4bi set *HD =y

otherwise
4 bii. set ) = (k).

=Y,

. If convergence has occurred, then
5.a. deliver z = z**1:
otherwise
5.b. set k =k + 1, and go to step 2.



The idea is similar to the basic acceptance/rejection
method.

The analogue to the majorizing function in the
Metropolis-Hastings algorithm is

th+1|Yt($‘y)
px(®) gy, v (y]T)

As with the acceptance/rejection methods with
independent sequences, the acceptance/rejection
methods based on Markov chains apply
immediately to multivariate random variables.



We can see that this algorithm delivers realizations
from the density px by determining the CDF and
differentiating.

The CDF is the probability-weighted sum of the
two components corresponding to whether the chain
moved or not. In the case in which the chain does
move, that is, in the case of acceptance, for the
random variable Z whose realization is y, we have

g(iY)
p(xi)g(Y|z;)
o Ig(t)g(l‘i\t)/(p(flfi)g(ﬂxz’)) g(t|z;) dsdt
oo Ig(t)g(l‘i\t)/(p(flfi)g(ﬂxz’)) g(t|z;) dsdt
= [ px(t)dt.

Pr(Z <z) = Pr|Y <z|U < pY)




Gibbs Sampling

Gibbs sampling is often useful in higher dimensions.
[t depends on the convergence of a Markov chain to

its stationary distribution, so a burn-in period is
required.

0. Set k= 0.
1. Choose z*) € S.
2. Generate xgkﬂ) conditionally on
B (k) k)
2 yb3 9 ad
(k+1) "
Generate x5 conditionally on
LEFD) (k) e
1 y L3 ey bd
Generate xﬁfff) conditionally on
(k+1)  (k+1) (k)
Iy y L2 IR O
Generate x&k“) conditionally on
(k+1)  (k+1) (k+1)
1 , L9 yeeeyLg_1 -

3. If convergence has occurred, then

3.a. deliver z = 1)
otherwise

3.b. set k =k + 1, and go to step 2.

)



