
Comments on Exercises in Chapter 9

9.3
For fixed y in bin Tk, we have

V(p̂H(y)) = V
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)
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The random variable is nk, so

V
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The probability that any observation falls in the bin Tk is pk (equation
(9.6)). Defining a Bernoulli random variable that takes on a value 1 if
an item in the sample falls into Tk and a value of 0, and assuming a
random sample, we have n idependent Bernoullis, and their sum, nk, that
is the count of the number that are in Tk. Therefore nk is binomial with
parameters n and pk, and so we have
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9.5
For the gamma, with α > 0 and for 0 ≤ y, we have
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Γ(α)βα
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Γ(α)βα+1
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and
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We now separate the integral into 3 parts, and try to identify a gamma in
each. We first of all note that there is a singularity in the gamma integral
if α = 1, so for the following we require α 6= 1.
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Now, S(p′) is the sum of these three terms, so combine and simplify.

If α = 1, S(p′) is not defined.

We may be interested in S(p′) because the asymptotic integrated squared
bias (and hence the AMISE) of a histogram estimator when the true
density is p depends on S(p′).

9.10
First, of all, make sure you can get to the second line of equation (9.33).
This requires that K(u) has the properties in equations (9.28) through
(9.31), plus a scaling in K(·) so that σ2

K = 1. Also note that equa-
tion (9.33) comes from a Taylor series expansion about y; that is, y is
a constant, and so is p(y). Keep in mind the structure of the various
objects: u, y, and ∇p(y) are d-vectors; K(u) and p(y) are scalars; V
and Hp(y) are d× d matrices; and (therefore) (V u)THp(y)V u is a scalar,
and (V u)THp(y)V uK(u) = trace((V u)THp(y)V uK(u). Another thing
to remember is that the trace operation distributes over integration (or
summation).

∫
trace(f(x)) dx = trace

(∫
f(x) dx

)
,

where the integration is over a domain in IRd.
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The expression in the fourth line on page 220 is exactly the same as this
for the univariate case, except the assumption that σ2

K = 1 is not used.
(Note that d = 1, so the integral in that expression is just over IR.) So
the bias to order h2 at y is

1
2
h2p′′(y)σ2

K ,

and the asymptotic integrated squared bias is

1
4
h4σ4

K

∫
(p′′(y))2 dy

or
1
4
h4σ4

KR(p).

The only thing to do in simplifying equation (3.36) for the univariate case
is to note that |V | = h. Then combine.

9.11
a. A very straightforward way of doing this is just to use the simple R or
S-Plus statements:

x<-c(-1.8,-1.2,-.9,-.3,-.1,.1,.2,.4,.7,1.0,1.3,1.9)
n<-length(x)
# initialize h
h<-0.5
p0<-sum(dnorm((0-x)/h)/(n*h))

The result for h = .5 is 0.3488.

The same kernel density estimate with a normal kernel can be computed
by the R or S-Plus statement:

density(x,n=1,window="gaussian",width=4*h,from=0)

It is not clear what algorithm is used in S-Plus. It obviously accumulates
some error.

The simple summing method shown above is not efficient if the estimate
is to be computed at several points. A method based on an FFT, as
mentioned in the text, is better.



b. Do same way.

c. Do same way on a grid of say 100 points between -2 and 2, and then
use an R or S-Plus function like smooth.

d. The first thing to remember is that the Hermites are real-valued func-
tions, so the discussion in Section 9.5 does not need to use complex conju-
gates. Also, note that equations (9.42) and (9.43) assume the orthogonal
functions are normalized, and the Hermites given on page 136 are not
normalized.

The normalizing constants are
√

2π,
√

2π, 2
√

2π, 6
√

2π, 24
√

2π, 120
√

2π, . . ..
(You get these by direct integration, taking advantage of your knowledge
of the moments of the normal distribution, or by making a change of vari-
ables over the positive half, y = x2/2, and then recognizing the gamma
integrals.)

Now use the equation right after equation (9.43) to get the estimated cks.

Some R code for the normalized Hermite polynomials:

Hen0<-function(t){
1/sqrt(2*pi)
}

Hen1<-function(t){
t/sqrt(2*pi)
}

Hen2<-function(t){
(t^2-1)/(2*sqrt(2*pi))
}

Hen3<-function(t){
(t^3-3*t)/(6*sqrt(2*pi))
}

Hen4<-function(t){
(t^4-6*t^2+3)/(24*sqrt(2*pi))
}

Now to estimate the cks and to compute the estimated density at a vector
of points:

x<-c(-1.8,-1.2,-0.9,-0.3,-0.1,0.1,0.2,0.4,0.7,1.0,1.3,1.9)
cks<-c(mean(Hen0(x)),mean(Hen1(x)),mean(Hen2(x)),mean(Hen3(x)),mean(Hen4(x)))
phats<-function(t,cks){

H<-cbind(Hen0(t),Hen1(t),Hen2(t),Hen3(t),Hen4(t))
H%*%cks
}

A plot is straightforward. The R code is



t<-((1:38)-19)/10
plot(t,phats(t,cks),typ=’l’)

The estimate is not very good. For some reason, it is worse than estimates
that this estimator usually yields.


