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Cluster Analysis

e Cluster analysis 1s the partition of the data
set into groups such that the data set in a
group 1s as similar to each other and as
different as possible from the members of
the other groups.

e Segmentation/Dissection 1s partitioning of
the data in a way that 1s convenient. Eg.
Shirt Size. In contrast, cluster analysis
determines natural subclasses of the data.



Distance measures

e Distance measures are used to determine the
similarity/dissimilarity between the various
elements of a data set.

e Concept of distance 1s more fundamental
than the coordinates of the points in cluster
analysis.

 However, methods using “central points™ of
clusters require the raw coordinates.



Drawbacks of cluster analysis
methods

New methods are regularly being developed.

An understanding of the methods properties and
the way they behave with different kinds of data 1s
available for only a few of the methods.

Only 1n probabilistic clustering, can we check if
the cluster structure discovered 1n the training data
1s genuinely present.

Interpretation of a cluster 1s application dependent
and subjective to some degree.



Choice ot Cluster Analysis Tool

e Different methods of cluster analysis detect
different kinds (shapes) of clusters.

e Itis not always easy to determine the shape the
clustering algorithm 1is biased towards.

e The criteria used to link (group) the variables may
be undertaken in a variety of manners, as a result
significant variation in results may be seen.

e The cluster analytic tool should be selected such
that i1t conforms to the definition of what 1s meant
by “cluster” 1n the problem at hand.



Objective of Problem

Shape of Cluster

Maximum distance
between all pairs of points
1n the cluster 1s as small as
possible

Each point will be similar
to each other point in the
cluster. Segmentation
Problem.

Minimize the maximum
interpoint distance

Compact, roughly spherical
clusters

Collections of points such
that each point is as close

as possible to some other

member of the cluster,

NOT ALL members

Long sausage shape, not
compact or roughly
spherical. Measurements at
different stages of
evolution.




Types ot Cluster Analysis
Algorithms

e Partition-Based Clustering Algorithms finds
the optimal partition for a specified number
of clusters.

e Hierarchical Clustering Algorithms
discovers cluster structure.

e Probabilistic Model-Based Clustering using
Mixture Models.
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Partition-Based Clustering
Algorithms

* Given the set of n data points D={x,,...,x,}, the
task 1s to find K clusters C={C,,...,C«}.

e Each data point is to be assigned to a unique
cluster Cy.

 Homogeneity in cluster is ensured by appropriate
score function such as minimization of distance
between each point and centroid of the cluster to
which it 1s assigned.



Shape of Cluster 1n Partition-
Based Clustering

* The centroid or average of the points
belonging to a cluster 1s considered to be a
representative point for that cluster.

e There 1s no explicit statement about the
shape of the cluster being sought.

* Single center for each cluster implies

boundaries between clusters 1s implicitly
defined.



Cluster Optimization

Maximization (or Minimization) of score function
1s computationally intractable.

There 1s no closed-form solution for any score
function. There must be a systematic search of the
solution space of possible clusters.

Iterative improvement methods based on local
search are the best approach. Example. K-means.

It 1s necessary to decide the number of clusters at
the start. There 1s no “best” solution to this
problem.



Score Function

e Defining cluster score function needs a
notion of distance between input points.

e To specity that the individual clusters are
compact and far apart from each other, we
need two measures for a cluster C:

— Within Cluster Variation wc(C)

— Between Cluster Variation be(C)



Measure of Centroid, wc and bc

e In problems where computing mean makes sense,
the centroid of the n, points in cluster C, can be
taken as the cluster center/centroid

* wc = Sum of squares of distances from each point
to the center of the cluster it belongs to.

* bc = Sum of squares of distances between cluster
centers.

e Score function of a clustering can be defined as a
monotone combination of wc¢ and bc.



Minimum Distance / Single Link
Criterion

e An alternative definition of within cluster
variation

e This criterion for clustering leads to
elongated clusters.

e wc(c) = Max{Distance of each point in the
cluster to the nearest point in the same
cluster}



Clustering Score Function
- Covariance 1n a Cluster

Covariance matrix W, for points in cluster
C, = X(x — 1) (x-r)! for all points x in
cluster C,.

wc(C) = X tr(W,) for all k.

W =XW, for all k

Smaller W = More Compact Clustering of
the data.



Clustering Score Function
- Covariance within Clusters

e (Covariance matrix B for clusters

B=YXn (r - (r-w'
for all clusters C, (with elements n,) in the given
data. U 1s the global mean of all the data points.

e tr(B) = Weighted sum of squared distances of the
cluster means relative to global mean of the data.

e Larger B = More distance among cluster means.



Score Functions based on W/ B
e tr(W)

— Depends on the scaling of the variables.

— Yields compact spherical clusters of roughly equal
groups.

¢ [WI

— No scale dependence
— Yields elliptic structures of roughly equal size.

— Optimality property exists 1f data comes from a mixture
of multivariate normal distributions. Any modification
to IW| sacrifices this property.

o tr(BW-)

— Yields equal sized clusters of roughly equal shape —
Collinear clusters.



Score Functions based on W,

e J] |Wk n(k)

o ITIW,IP where p is the number of
variables.

— Favors similarly sized clusters.

* You can let the distance vary between
different clusters by dividing each IW,| by
[Tn(k)>®),



Variants of score functions

e Sum of squared distance not from cluster
mean but from some particular member of
the cluster.

* Some measure other than sum of squared
distance such as L1 norm.

T
x|y =) 2.
r=1



Maximal Predictive Classification

e Each component of the measurement vector 1s
binary.

e For each cluster, a binary vector 1s defined that
consists of the most common value within the

group for each variable. This vector of mode 1s
taken as the centroid of the cluster.

e Distance of a group member from this centroid =
Number of variables that have values different
from those in the centroid.

e Minimize the total number of differences between
the objects and the centroid of the clusters they
belong to.



K-Means Algorithm

e Fork=1,...,K
— Let r(k) be the randomly chosen points from D as cluster centers.

end

e While changes in Clusters C, happen do

end

/* Form Clusters */
fork=1,...,Kdo

C,={xeDIld(r, x) < d(rj, x) for all j=1,...,K, j#k}
end

/* Compute new updated cluster centers */
fork=1,...,Kdo

1, = Vector mean of the points in C,
end



Other partition based clustering

algorithms

Complexity of K-Means Algorithm = O(Knl), where I is
the number of 1terations

Variant of K-Means Algorithm

— Examine each point in turn

— Update the cluster centers whenever a point is reassigned.

— Cycle through the points until the solution does not change. (Avoid

this step if the data set is very large.)

Large number of partition based clustering algorithms
operate adding or removing one point at a time from a
cluster.



Performance improvements

e The algorithm may converge to a local solution
rather than the global minimum of the score
function. Solution 1s to repeat the search using
different randomly chosen starting points as
cluster centers.

e Use condensed representations such as weighted
observation located at the centroid for a large set
of similar data. The radius can be added as an
additional feature.



Types ot Cluster Analysis
Algorithms

e Partition-Based Clustering Algorithms finds
the optimal partition for a specified number
of clusters.

e Hierarchical Clustering Algorithms
discovers cluster structure.

e Probabilistic Model-Based Clustering using
Mixture Models.



Hierarchical Clustering Algorithms

e Constructs a hierarchy of nested clusters.

 Two classes of hierarchical methods:
— Agglomerative gradually merges points.
— Duivisive divides superclusters.

e Hierarchical mapping of data points to clusters 1s
the model.

e No notion of an explicit global score function.

e Local scores are calculated for pairs of leaves in
the tree to determine which pair of clusters are the
best candidates for agglomeration (merging) or
dividing (splitting).



Dendrogram

e Permits a convenient graphical display
called a dendrogram displaying the entire
sequence of merging (or splitting).

e Particularly useful when there are more than
two variables.
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Agglomerative Methods

Given an 1nitial clustering, merge the two clusters
that are nearest to form a reduced number of
clusters.

The above 1s repeated until just one cluster of all
the data points exists.

Agglomerative clustering provides a natural
framework for clustering objects that are not
easily summarized as vector measurements.

Edit-distance : The number of basic edit
operations required to transform one sequence to
another.



Nearest Neighbour or Single
Link Method

Distance between two clusters 1s defined as the
distance between the two closest points, one form
each cluster.

This method 1s susceptible to “chaining”, long
strings of points are assigned to the same cluster.

Method 1s sensitive to small perturbations of the
data and to outlying points.

Unique property: Two pairs of clusters are
equidistant, 1t does not matter which 1s merged
first.



Furthest Neighbor / Complete
Link Method

e Distance between two clusters 1s taken as the
distance between the two most distant points, one
from each cluster.

e Groups tend to be of equal size in terms of volume
of space occupied.

e Other distance measures intermediate between
single link and complete link have been defined —
centroid measure, group average measure, Ward’s
measure.



Divisive Method

Starts with a single cluster composed of all the data
points. Splits this into components.

Monothetic divisive methods split clusters using one
variable at a time. A convenient way to limit the
number of possible partitions that must be examined.

Monothetic divisive method applied to multivariate
binary data 1s termed association analysis.

Polythetic divisive methods make splits based on all
the variables together.

Divisive methods are more computationally
intensive than agglomerative methods.



Types ot Cluster Analysis
Algorithms

e Partition-Based Clustering Algorithms finds
the optimal partition for a specified number
of clusters.

e Hierarchical Clustering Algorithms
discovers cluster structure.

* Probabilistic Model-Based Clustering using
Mixture Models.



Probabilistic Model-Based
Clustering using Mixture Models

e PData 1s assumed to come from a
multivariate finite mixture model

f(x) = X Tt (X, 0,)
where t, are the component distributions.
* Given adata set D = {Xx,, ..., X, } determine
how many clusters K 1s to be fit to the data

and then choose parametric models for each
of these K clusters.



Cluster formation

e The component parameters 6, and component

probabilities T, are
algorithm.

e The likelihood of t
model) 1s used as

determined using the EM

he data (given the mixture
he score function.

e Once the mixture d

ecomposition 1s found, the data

can be assigned to clusters. The data point 1s
assigned to the cluster from which it 1s most likely
to have arisen from.



Pros and Cons

Probabilistic modeling provides a full
distributional description for each component.

Method can extended to data that 1s not in p-
dimensional vector form.

Accuracy depends on the assumption of the
parametric model for each component.

Other drawback 1s the complexity of EM
parameter algorithm in comparison to say K-
Means Algorithm.



Determination of Number of
Clusters

e Penalized Likelihood using Bayesian Information
Criterion

SgicMy) =25, (0,; My) +dglogn
The K value for which likelihood 1s maximized is
chosen as the number of clusters.
e Resampling Techniques

Bootstrap methods or Cross-validated likelihood 1s
computed. Requires significantly more
computation than BIC.

e Bayesian Approximations p(KID), probability of
K value given the data.



Conclusion

e Cluster analysis 1s mainly a data-driven
tool.

e Other than the probabilistic based approach,
there 1s little formal model building
underlying it.



